
+ȩȘɾɟȩȀ ëʿɯɾƚȒɯ v
ëɾŏɾƚ ëɔŏżƚ

+ȩȀǞȘ �ȩȘƚɯ

�ŏųȩɟŏɾȩǞɟƚ Ƈ࢈�ʕɾȩȒŏɾǞɛʕƚ

ߝ

ëɾŏɾƚࡷëɔŏżƚ +ȩȘɾɟȩȀ 4ƚɯǞǃȘ

ẋ = Ax+Bu

y = Cx+Du

÷ǕǞɯ Ǟɯ ƙɗʑǝʮŏǿƙȗɺ ɾȩ ɾǕƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ ǀȩɟȒ ɯɾʕƇǞƚƇ ɔɟƚʲǞȩʕɯȀ ʿࡏ

4ƚɯǞǃȘ ŏ żȩȘɾɟȩȀȀƚɟ ȩǀ ɾǕƚ ǀȩɟȒ u = κ(x)

ĦǕʿ Ƈȩ ʶƚ ȘƚƚƇ ŏȘȩɾǕƚɟ żȩȘɾɟȩȀ ƇƚɯǞǃȘ ɔɟȩżƚƇʕɟƚࡐ

ࡄ �ȩɟƚ ǃƚȘƚɟŏȀ
ࡄ CŏɯǞȀʿ ƚʾɾƚȘƇɯ ɾȩ ȒʕȀɾǞɔȀƚ ǞȘɔʕɾɯ ŏȘƇ ȩʕɾɔʕɾɯ
ࡄ +ŏȘ żŏɔɾʕɟƚ ȘȩȘȀǞȘƚŏɟ ɯʿɯɾƚȒɯ ǞȘ ɾǕǞɯ ǀȩɟȒ ɾȩȩ

ࡄ ÚǕŏɯƚ ɔȀŏȘƚ ࡕ ǃƚȩȒƚɾɟʿ
ࡄ ëʿɯɾƚȒ ɯŏǀƚȀʿ ŏȘƇ ɔǕʿɯǞżŏȀ ȀǞȒǞɾŏɾǞȩȘɯ żŏȘ ȩǀɾƚȘ ųƚ ƇƚɯżɟǞųƚƇ ŏɯ ǃƚȩȒƚɾɟǞż
żȩȘɯɾɟŏǞȘɾɯ ǞȘ ɾǕƚ ȒȩɾǞȩȘ ȩǀ ɾǕƚ ɯɾŏɾƚ ɾǕɟȩʕǃǕ ɾǕƚ ɔǕŏɯƚ ɯɔŏżƚ

ࡄ °ɔɾǞȒŏȀ żȩȘɾɟȩȀ
ࡄ +ȩȒɔȀƚʾ ɾǞȒƚࡷƇȩȒŏǞȘ ȩųǲƚżɾǞʲƚɯ żŏȘ ųƚ ƚŏɯǞȀʿ ɯɔƚżǞ˙ƚƇ ǞȘ ɾƚɟȒɯ ȩǀ ɾǕƚ ɯɾŏɾƚɯ

ߟ

ëɾŏɾƚࡷëɔŏżƚ 4ƚɯǞǃȘ ÚɟȩżƚƇʕɟƚ

1 ëɾŏɾƚࡷ_ƚƚƇųŏżǺ 4ƚɯǞǃȘ

�ɯɯʕȒƚ ɾǕŏɾ ɾǕƚ ɫɺŏɺƙ ǝɫȑƙŏɫʑɛƙƆࡈ
ŏȘƇ ƇƚɯǞǃȘ ŏ ɫɺŏɺǝż żȩȘɾɟȩȀ Ȁŏʶ u =

Kx

ẋ = Ax+BKx

ÚɟȩųȀƚȒ ࡇ Ħƚ żŏȘ࢈ɾ Ȓƚŏɯʕɟƚ xࡋ

2 ëɾŏɾƚ °ųɯƚɟʲƚɟ

4ƚɯǞǃȘ ŏ ƇʿȘŏȒǞż ɯʿɯɾƚȒ ɾȩ ƙɫɺǝࡹ
ȑŏɺƙ ɺǔƙ ɫɺŏɺƙ

˙̂x = Lx̂+My +Nu

4ƚɯǞǃȘ LࡈM ŏȘƇ N ɯȩ ɾǕŏɾ x̂ ∼ x

3 +ȩȒųǞȘƚ żȩȘɾɟȩȀȀƚɟ ŏȘƇ ȩųɯƚɟʲƚɟ ɾȩ ɔɟȩʲǞƇƚ ŏ ɯǞȘǃȀƚࡈ ƇʿȘŏȒǞż żȩȘɾɟȩȀ Ȁŏʶࡏ

4 �ƇƇ ɟƚǀƚɟƚȘżƚ ɾɟŏżǺǞȘǃࡏ

ãƙɑŏɛŏɺǝȧȗ ɑɛǝȗżǝɑǿƙ ɾƚȀȀɯ ʕɯ ɾǕŏɾ ǞȘƇƚɔƚȘƇƚȘɾ ƇƚɯǞǃȘ ȩǀ ɾǕƚɯƚ ƚȀƚȒƚȘɾɯ Ǟɯ ȧɑɺǝȑŏǿࡏ

ߠ

áƚżŏȀȀࡇ ëɾŏɾƚࡷģŏɟǞŏųȀƚ _ȩɟȒ



áƚżŏȀȀࡇ ßʕǞżǺ ɟƚʲǞƚʶ ȩȘ ȀǞȘƚŏɟ ɯɾŏɾƚࡷɯɔŏżƚ

ĦɟǞɾƚ ɾǕƚ ǀȩȀȀȩʶǞȘǃ °4C ǞȘ ɯɾŏɾƚࡷɯɔŏżƚ ǀȩɟȒ

θ̈ + bθ̇ + cθ = du

vȘɾɟȩƇʕżƚ ɯɾŏɾƚ ʲŏɟǞŏųȀƚɯ

x1 = θ

x2 = θ̇

÷ŏǺƚ ƇƚɟǞʲŏɾƚɯ

ẋ1 = θ̇ = x2

ẋ2 = θ̈ = −bθ̇ − cθ + du

= −bx2 − cx1 + du

ĦɟǞɾƚ ȩʕɾ ɾǕƚ ɯɾŏɾƚࡷɯɔŏżƚ ƚɛʕŏɾǞȩȘɯ
(
ẋ1

ẋ2

)
=

[
0 1

−c −b

](
x1

x2

)
+

[
0

d

]
u

ߡ

áƚżŏȀȀࡇ ßʕǞżǺ ɟƚʲǞƚʶ ȩȘ ȀǞȘƚŏɟ ɯɾŏɾƚࡷɯɔŏżƚ

ĦɟǞɾƚ ɾǕƚ ǀȩȀȀȩʶǞȘǃ °4C ǞȘ ɯɾŏɾƚࡷɯɔŏżƚ ǀȩɟȒ

θ̈ + bθ̇ + cθ = du

vȘɾɟȩƇʕżƚ ɯɾŏɾƚ ʲŏɟǞŏųȀƚɯ

x1 = θ

x2 = θ̇

÷ŏǺƚ ƇƚɟǞʲŏɾƚɯ

ẋ1 = θ̇ = x2

ẋ2 = θ̈ = −bθ̇ − cθ + du

= −bx2 − cx1 + du

ĦɟǞɾƚ ȩʕɾ ɾǕƚ ɯɾŏɾƚࡷɯɔŏżƚ ƚɛʕŏɾǞȩȘɯ
(
ẋ1

ẋ2

)
=

[
0 1

−c −b

](
x1

x2

)
+

[
0

d

]
u

ߡ

�ǞȘƚŏɟǞˌŏɾǞȩȘ

vȘ ŏ Ȁŏɾƚɟ Ȁƚżɾʕɟƚࡈ ʶƚ ʶǞȀȀ żȩʲƚɟ ȒʕȀɾǞɔȀƚ ʶŏʿɯ ȩǀ ǃƚȘƚɟŏɾǞȘǃ ȀǞȘƚŏɟ ɯɾŏɾƚࡷɯɔŏżƚ
ƚɛʕŏɾǞȩȘɯ

ࡄ �ǞȘƚŏɟǞˌŏɾǞȩȘ ȩǀ ȘȩȘȀǞȘƚŏɟ °4Cɯ
ࡄ ëɾŏɾǞż _ƚƚƇųŏżǺ �ǞȘƚŏɟǞˌŏɾǞȩȘ
ࡄ �ȩȘȀǞȘƚŏɟ ǞȘʲƚɟɯǞȩȘ
ࡄ CʾɔƚɟǞȒƚȘɾŏȀ ȀǞȘƚŏɟǞˌŏɾǞȩȘ

_ȩɟ Șȩʶࡇ áƚżŏȀȀ ʿȩʕɟ ɯʿɯɾƚȒ ƇʿȘŏȒǞɛʕƚ Șȩɾƚɯ ȩȘ ȀǞȘƚŏɟ ɯɾŏɾƚࡷɯɔŏżƚ ȒȩƇƚȀǞȘǃ

ߢ

4ʿȘŏȒǞż áƚɯɔȩȘɯƚ



ëɾŏɾƚࡷëɔŏżƚ→ ÷ɟŏȘɯǀƚɟ _ʕȘżɾǞȩȘ

+ȩȒɔʕɾƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ
ẋ = Ax+Bu

y = Cx+Du

÷ŏǺƚ �ŏɔȀŏżƚ ɾɟŏȘɯǀȩɟȒ

sX(s)− x(0) = AX(s) +BU(s)

ëȩȀʲƚ ǀȩɟ X(s)

X(s) = (sI −A)−1BU(s) + (sI −A)−1x(0)

÷Ǖƚ ȩʕɾɔʕɾ Ǟɯ

Y (s) = CX(s) +DU(s)

= (C(sI −A)−1B +D)U(s) + C(sI −A)−1x(0)

�ɯɯʕȒǞȘǃ ˌƚɟȩ ǞȘǞɾǞŏȀ żȩȘƇǞɾǞȩȘɯ ǃǞʲƚɯ ɾǕƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ

G(s) =
Y (s)
U(s)

= C(sI −A)−1B +D

ߣ

ëɾŏɾƚࡷëɔŏżƚ→ ÷ɟŏȘɯǀƚɟ _ʕȘżɾǞȩȘ

+ȩȒɔʕɾƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ
ẋ = Ax+Bu

y = Cx+Du

÷ŏǺƚ �ŏɔȀŏżƚ ɾɟŏȘɯǀȩɟȒ

sX(s)− x(0) = AX(s) +BU(s)

ëȩȀʲƚ ǀȩɟ X(s)

X(s) = (sI −A)−1BU(s) + (sI −A)−1x(0)

÷Ǖƚ ȩʕɾɔʕɾ Ǟɯ

Y (s) = CX(s) +DU(s)

= (C(sI −A)−1B +D)U(s) + C(sI −A)−1x(0)

�ɯɯʕȒǞȘǃ ˌƚɟȩ ǞȘǞɾǞŏȀ żȩȘƇǞɾǞȩȘɯ ǃǞʲƚɯ ɾǕƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ

G(s) =
Y (s)
U(s)

= C(sI −A)−1B +D

ߣ

CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ

ẋ =

[
−7 −12
1 0

]
x+

[
1

0

]
u

y =
[
1 2

]
x

G(s) = C(sI −A)−1B +D

=
[
1 2

] [s+ 7 12

−1 s

]−1 [
1

0

]

=
1

(s+ 7)s+ 12

[
1 2

] [s −12
1 s+ 7

][
1

0

]

=
s+ 2

s2 + 7s+ 12

ߤ

CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ
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0
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u
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1 2
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x
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]−1 [
1

0

]

=
1

(s+ 7)s+ 12
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ߤ



ÚȩȀƚɯ

Óȧǿƙɫ ŏɟƚ żȩȒɔȀƚʾ ǀɟƚɛʕƚȘżǞƚɯ ɾǕƚ ɯʿɯɾƚȒʶǞȀȀ ɟƚɯɔȩȘƇ ŏɾ ʶǞɾǕȩʕɾ ŏ ǀȩɟżǞȘǃ ǀʕȘżɾǞȩȘ

+ȩȘɯǞƇƚɟ ɾǕƚ ɯʿɯɾƚȒ ʶǞɾǕȩʕɾ ɾǕƚ ǀȩɟżǞȘǃ ǀʕȘżɾǞȩȘ u

ẋ = Ax

ŏɯɯʕȒƚ ŏȘ ǞȘǞɾǞŏȀ ɯɾŏɾƚ x(0) = x0ࡏ
p Ǟɯ ŏ ɔȩȀƚ ȩǀ ɾǕƚ ɯʿɯɾƚȒ Ǟǀ ɾǕƚ ɯʿɯɾƚȒ ƚʲȩȀʲƚɯ ŏɯ x(t) = eptx0ࡏ

_ɟȩȒ ɾǕƚ ɯʿɯɾƚȒ ƇʿȘŏȒǞżɯ

ẋ(t) = peptx0 = Ax(t) = Aeptx0

ŏȘƇ ɾǕƚɟƚǀȩɟƚ p Ǟɯ ŏ ɔȩȀƚ Ǟǀ

Ax0 = px0

ȩɟ Ǟǀ p Ǟɯ ŏȘ ƙǝǂƙȗʮŏǿʑƙ ȩǀ Aࡏ

÷Ǖƚ ɔȩȀƚɯ ŏɟƚ ɾǕƚ ɯȩȀʕɾǞȩȘɯ ȩǀ ɾǕƚ żǔŏɛŏżɺƙɛǝɫɺǝż ƙɗʑŏɺǝȧȗ

det(sI −A) = 0

ߥ

ÚȩȀƚɯ

Óȧǿƙɫ ŏɟƚ żȩȒɔȀƚʾ ǀɟƚɛʕƚȘżǞƚɯ ɾǕƚ ɯʿɯɾƚȒʶǞȀȀ ɟƚɯɔȩȘƇ ŏɾ ʶǞɾǕȩʕɾ ŏ ǀȩɟżǞȘǃ ǀʕȘżɾǞȩȘ

+ȩȘɯǞƇƚɟ ɾǕƚ ɯʿɯɾƚȒ ʶǞɾǕȩʕɾ ɾǕƚ ǀȩɟżǞȘǃ ǀʕȘżɾǞȩȘ u

ẋ = Ax

ŏɯɯʕȒƚ ŏȘ ǞȘǞɾǞŏȀ ɯɾŏɾƚ x(0) = x0ࡏ
p Ǟɯ ŏ ɔȩȀƚ ȩǀ ɾǕƚ ɯʿɯɾƚȒ Ǟǀ ɾǕƚ ɯʿɯɾƚȒ ƚʲȩȀʲƚɯ ŏɯ x(t) = eptx0ࡏ

_ɟȩȒ ɾǕƚ ɯʿɯɾƚȒ ƇʿȘŏȒǞżɯ

ẋ(t) = peptx0 = Ax(t) = Aeptx0

ŏȘƇ ɾǕƚɟƚǀȩɟƚ p Ǟɯ ŏ ɔȩȀƚ Ǟǀ

Ax0 = px0

ȩɟ Ǟǀ p Ǟɯ ŏȘ ƙǝǂƙȗʮŏǿʑƙ ȩǀ Aࡏ

÷Ǖƚ ɔȩȀƚɯ ŏɟƚ ɾǕƚ ɯȩȀʕɾǞȩȘɯ ȩǀ ɾǕƚ żǔŏɛŏżɺƙɛǝɫɺǝż ƙɗʑŏɺǝȧȗ

det(sI −A) = 0

ߥ

CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ɾǕƚ ɔȩȀƚɯ

ẋ =

[
−7 −12
1 0

]
x+

[
1

0

]
u

ÚȩȀƚɯ ŏɟƚ ǃǞʲƚȘ ųʿ ɾǕƚ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ

det(sI −A) = 0

=

∣∣∣∣∣

[
s+ 7 12

−1 s

]∣∣∣∣∣

= (s+ 7)s+ 12 = s2 + 7s+ 12

ÚȩȀƚɯ ŏɟƚ

p =
−7±

√
49− 4 · 12
2

= −4,−3

°Șƚ żŏȘ ɯƚƚ ɾǕŏɾ ɾǕǞɯ Ǟɯ ɾǕƚ ɯŏȒƚ ŏɯ ɾǕƚ ɔȩȀƚɯ żȩȒɔʕɾƚƇ ǀɟȩȒ ɾǕƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ
s+ 2

s2 + 7s+ 12
=

s+ 2
(s+ 4)(s+ 3)

ߜߝ

CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ɾǕƚ ɔȩȀƚɯ

ẋ =
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−7 −12
1 0

]
x+
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1

0

]
u
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Ļƚɟȩɯ

Ĳƙɛȧɫ ŏɟƚ ǃƚȘƚɟŏȀǞˌƚƇ ǀɟƚɛʕƚȘżǞƚɯ ŏɾ ʶǕǞżǕ ɾǕƚ ɯʿɯɾƚȒ ʶǞȀȀ Șȩɾ ɟƚɯɔȩȘƇ ɾȩ ŏȘ ǞȘɔʕɾ

z Ǟɯ ŏ ˌƚɟȩ Ǟǀ u(t) = u0e
zt → y(t) = 0

÷ŏǺƚ u(t) = u0e
ztࡈ ɾǕƚȘ x(t) = x0e

zt

ẋ = zeztx0 = Aeztx0 +Bu0e
zt ⇔

[
zI −A −B

] [x0

u0

]
= 0

+ȩȒųǞȘǞȘǃ ɾǕǞɯ ʶǞɾǕ y = Cx+Du = Ceztx0 +Du0e
zt ǃǞʲƚɯ

[
zI −A −B

C D

][
x0

u0

]
=

[
0

0

]

÷Ǖƚ ˌƚɟȩɯ ȩǀ ɾǕƚ ɯʿɯɾƚȒ ŏɟƚ ǃǞʲƚȘ ųʿ ɾǕƚ ƚʾɔɟƚɯɯǞȩȘ

det

[
zI −A −B

C D

]
= 0

ߝߝ

CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ɾǕƚ Ļƚɟȩɯ

ẋ =

[
−7 −12
1 0

]
x+

[
1

0

]
u

y =
[
1 2

]
x

det

[
zI −A −B

C D

]
= det




z + 7 12 −1
−1 z 0

1 2 0





= 2 + z

÷Ǖƚɟƚ Ǟɯ ȩȘƚ ˌƚɟȩ ŏɾ z = −2

+ȩȒɔŏɟƚ ɾȩ ɾǕƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘࡈ ŏȘƇ ȩȘƚ ɯƚƚɯ ʶƚ ǃƚɾ ɾǕƚ ɟǞǃǕɾ ɟƚɯʕȀɾ

G(s) =
s+ 2

s2 + 7s+ 12

ߞߝ

CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ɾǕƚ Ļƚɟȩɯ

ẋ =

[
−7 −12
1 0

]
x+

[
1

0

]
u

y =
[
1 2

]
x

det

[
zI −A −B

C D

]
= det




z + 7 12 −1
−1 z 0

1 2 0





= 2 + z

÷Ǖƚɟƚ Ǟɯ ȩȘƚ ˌƚɟȩ ŏɾ z = −2

+ȩȒɔŏɟƚ ɾȩ ɾǕƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘࡈ ŏȘƇ ȩȘƚ ɯƚƚɯ ʶƚ ǃƚɾ ɾǕƚ ɟǞǃǕɾ ɟƚɯʕȀɾ

G(s) =
s+ 2

s2 + 7s+ 12

ߞߝ

+ŏȘȩȘǞżŏȀ _ȩɟȒɯ



mȩʶ ɾȩ +Ǖȩȩɯƚ ŏ ëɾŏɾƚ áƚɔɟƚɯƚȘɾŏɾǞȩȘ

÷ʶȩ ɯɾŏɾƚ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘɯ żŏȘ Ǖŏʲƚ ƙʺŏżɺǿʻ ɾǕƚ ɯŏȒƚ ǞȘɔʕɾࡷȩʕɾɔʕɾ ųƚǕŏʲǞȩʕɟ

ẋ = Ax+Bu

y = Cx+Du
==

˙̄x = Āx̄+ B̄u

y = C̄x̄+ D̄u

Ħƚ żǕȩȩɯƚ ɾǕƚ ɯɾŏɾƚ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘ ƇƚɔƚȘƇǞȘǃ ȩȘ ʶǕŏɾ ʶƚ࢈ɟƚ ɾɟʿǞȘǃ ɾȩ ŏżǕǞƚʲƚࡏ

ࡄ +ȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ ← ĆɯƚƇ ɾȩ ƇƚɯǞǃȘ żȩȘɾɟȩȀȀƚɟɯ
ࡄ �ȩƇŏȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ ← ĆɯƚƇ ɾȩ ŏȘŏȀʿɯƚ ȩɯżǞȀȀŏɾǞȩȘ ȒȩƇƚɯ
ࡄ °ųɯƚɟʲƚɟ żŏȘȩȘǞżŏȀ ǀȩɟȒ ← ĆɯƚƇ ɾȩ ƇƚɯǞǃȘ ȩųɯƚɟʲƚɟɯ

ߟߝ

+ȩȘɾɟȩȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

bȩŏȀࡇ _ȩɟȒ ɾǕŏɾ ŏȀȀȩʶɯ ǀȩɟ ɯǞȒɔȀƚ ȒȩƇǞ˙żŏɾǞȩȘ ȩǀ ɾǕƚ ɯʿɯɾƚȒ ƇʿȘŏȒǞżɯࡏ

+ȩȘɯǞƇƚɟ ɾǕƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ

G(s) =
Y (s)
U(s)

=
s+ 2

s2 + 7s+ 12

vȘɾɟȩƇʕżƚ ŏȘ ǞȘɾƚɟȒƚƇǞŏɟʿ ʲŏɟǞŏųȀƚ x2
ߝ

Y (s)
U(s)

= Y (s)
X2(s)

· X2(s)
U(s)

= s+ 2
1

· 1
s2 + 7s+ 12

ëɾŏɾƚ ɾȩ ȩʕɾɔʕɾ vȘɔʕɾ ɾȩ ɯɾŏɾƚ

x2ߝ ųƚżŏʕɯƚ ɾǕǞɯ Ǟɯ ŏ ɯƚżȩȘƇ ȩɟƇƚɟ ɯʿɯɾƚȒ

ߠߝ

vȘɔʕɾ→ ëɾŏɾƚ

X2(s)
U(s)

=
1

s2 + 7s+ 12

ĦɟǞɾƚ ɾǕƚ ƇʿȘŏȒǞż ƚɛʕŏɾǞȩȘ ɟƚȀŏɾǞȘǃ x2 ɾȩ ɾǕƚ ǞȘɔʕɾ u

u = ẍ2 + 7ẋ2 + 12x2 ࡬ߝ࡫

vȘɾɟȩƇʕżƚ Șƚʶ ɯɾŏɾƚ ʲŏɟǞŏųȀƚ ǀȩɟ ɾǕƚ ƇƚɟǞʲŏɾǞʲƚ

ẋ2 = x1

áƚࡷʶɟǞɾƚ ࡬ߝ࡫ ǞȘ ɾƚɟȒɯ ȩǀ ɾǕƚ ƇƚɟǞʲŏɾǞʲƚ ȩǀ ɾǕƚ ɯɾŏɾƚ x1

ẋ1 = u− 7x1 + 12x2

vȘɔʕɾ ɾȩ ɯɾŏɾƚ ƚɛʕŏɾǞȩȘɯ

ẋ1 = u− 7x1 + 12x2

ẋ2 = x1

ߡߝ

ëɾŏɾƚ→ °ʕɾɔʕɾ

ëɾŏɾƚ ɾȩ ȩʕɾɔʕɾ

Y (s)
X2(s)

=
s+ 2
1

+ȩȘʲƚɟɾ ɾȩ ɾǕƚ ɾǞȒƚ ƇȩȒŏǞȘ

y = ẋ2 + x2 = x1 + x2

ʶǕƚɟƚ ʶƚ ʕɯƚƇ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ẋ2 = x1 ǀɟȩȒ ɾǕƚ ɔɟƚʲǞȩʕɯ ɯȀǞƇƚ

Úʕɾ Ǟɾ ŏȀȀ ɾȩǃƚɾǕƚɟ ɾȩ ǃƚɾ ɾǕƚ żȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ
(
ẋ1

ẋ2

)
=

[
−7 12

1 0

]
+

[
1

0

]
u

y =
[
1 1

](x1

x2

)

ߢߝ



+ȩȘɾɟȩȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

+ȩȘɯǞƇƚɟ ɾǕƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ

G(s) =
Y (s)
U(s)

=
b1s

n−1 + · · ·+ bn−1s+ bn
sn + a1sn−1 + · · ·+ an−1s+ an

÷Ǖƚ żȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ Ǟɯ

A =





−a1 −a2 . . . . . . −an

1 0 . . . . . . 0

0 1 0 . . . 0
ࡏࡏࡏ

ࡏ ࡏ ࡏ ࡏ ࡏ ࡏ 0
ࡏࡏࡏ

0 0 . . . 1 0




B =





1

0

0
ࡏࡏࡏ
0





C =
[
b1 b2 . . . . . . bn

]
D = 0

vɾ Ǟɯ ŏȀɯȩ ɔȩɯɯǞųȀƚ ɾȩ żȩȘʲƚɟɾ ɾȩ żȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ Ǟǀ b0 Ǟɯ Șȩɾ ˌƚɟȩ ࡈࡏƚࡏǞ࡫ Ǟǀ ɾǕƚɟƚ
ŏɟƚ n ˌƚɟȩɯࡈ ɟŏɾǕƚɟ ɾǕŏȘ n− ࡏ࡬1 vȘ ɾǕǞɯ żŏɯƚࡈ ɾǕƚ ƚʾɔɟƚɯɯǞȩȘ ǀȩɟ C Ǟɯ ɯȀǞǃǕɾȀʿ Ȓȩɟƚ
żȩȒɔȀƚʾ ŏȘƇ D Ǟɯ ȘȩȘࡷˌƚɟȩࡏ

ߣߝ

$ȀȩżǺ 4ǞŏǃɟŏȒ ࡷ +ȩȘɾɟȩȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

U
1
s

1
s

2 Y

−7

−12

1

+ ẋ1 x1 ẋ2 x2

++
+

+

+

G(s) =
Y (s)
U(s)

=
s+ 2

s2 + 7s+ 12

+ȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ ųȀȩżǺ ƇǞŏǃɟŏȒ

ࡄ �ȀȀ ƇʿȘŏȒǞż ųȀȩżǺɯ ŏɟƚ ǞȘɾƚǃɟŏɾȩɟɯ
ࡄ °ʕɾɔʕɾ ŏȘƇ ǞȘɔʕɾ ŏɟƚ ʶƚǞǃǕɾƚƇ ɯʕȒɯ ȩǀ ɾǕƚ ɯɾŏɾƚɯ ߤߝ

ëɾŏɾƚ ÷ɟŏȘɯǀȩɟȒŏɾǞȩȘɯ

+ȩȘɯǞƇƚɟ ɾǕƚ ɯɾŏɾƚ ƚɛʕŏɾǞȩȘɯ

ẋ = Ax+Bu

y = Cx+Du

÷ǕǞɯ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘ Ǟɯ Șȩɾ ʕȘǞɛʕƚࡏ +ȩȘɯǞƇƚɟ ŏ żǕŏȘǃƚ ȩǀ ʲŏɟǞŏųȀƚɯ ǃǞʲƚȘ ųʿ ɾǕƚ
ȗȧȗɫǝȗǂʑǿŏɛ ȒŏɾɟǞʾ T

x = Tz

÷Ǖƚ ɫŏȑƙ ƇʿȘŏȒǞż ɯʿɯɾƚȒ ƚʾɔɟƚɯɯƚƇ ǞȘ ɾƚɟȒɯ ȩǀ ɾǕƚ ɯɾŏɾƚ z Ǟɯ Șȩʶ

ẋ = T ż = ATz +Bu

ż = T−1ATz + T−1Bu

y = CTz +Du

Ħƚ ǃƚɾ ŏ Șƚʶ ɯɾŏɾƚ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘ ǀȩɟ ɾǕƚ ɫŏȑƙ Ɔʻȗŏȑǝż ɫʻɫɺƙȑ
ż = Āz + B̄u

y = C̄z + D̄u

Ā = T−1AT B̄ = T−1B

C̄ = T−1C D̄ = D

ߥߝ

ëɾŏɾƚ ÷ɟŏȘɯǀȩɟȒŏɾǞȩȘ ɾȩ +ȩȘɾɟȩȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

bȩŏȀࡇ +ȩȘʲƚɟɾ ǀɟȩȒ ŏȘʿ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘ ɾȩ żȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒࡏ

�Șʿ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘ
︷ ︸︸ ︷
ẋ = Ax+Bu

y = Cx+Du
→ T →

+ȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ︷ ︸︸ ︷
ż = Āz + B̄u

y = C̄z + D̄u

÷ŏɟǃƚɾ ɯɾɟʕżɾʕɟƚ

Ā =




−a1 −a2 −a3

1 0 0

0 1 0



 B̄ =




1

0

0





ߜߞ



ëɾŏɾƚ ÷ɟŏȘɯǀȩɟȒŏɾǞȩȘ ɾȩ +ȩȘɾɟȩȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

÷Ǖƚ ɟƚȀŏɾǞȩȘɯǕǞɔ ųƚɾʶƚƚȘ ɾǕƚ ɯɾŏɾƚ ȒŏɾɟǞżƚɯ Ǟɯ

ĀT−1 = T−1A

�ƚɾ ɾǕƚ ɟȩʶɯ ȩǀ T−1 ųƚ t1ࡈ t2 ŏȘƇ t3ࡈ ŏȘƇ Ȁƚɾ Ā ųƚ ǞȘ żȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ



−a1 −a2 −a3

1 0 0

0 1 0








t1
t2
t3



 =




t1A

t2A

t3A





Ħƚ żŏȘ ʶɟǞɾƚ ɾǕƚ ɾɟŏȘɯǀȩɟȒ ȒŏɾɟǞʾ T ǞȘ ɾƚɟȒɯ ȩǀ Ǟɾɯ Ȁŏɯɾ ɟȩʶ t3

t2 = t3A

t1 = t2A = t3A
2

ߝߞ

ëɾŏɾƚ ÷ɟŏȘɯǀȩɟȒŏɾǞȩȘ ɾȩ +ȩȘɾɟȩȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

áƚȀŏɾǞȩȘɯǕǞɔ ųƚɾʶƚƚȘ ɾǕƚ ǞȘɔʕɾ ȒŏɾɟǞżƚɯ Ǟɯ

T−1B =




t1B

t2B

t3B



 = B̄ =




1

0

0





+ȩȒųǞȘǞȘǃ ʶǞɾǕ ɾǕƚ ƚɛʕŏɾǞȩȘɯ ǀɟȩȒ ɾǕƚ ɔɟƚʲǞȩʕɯ ɯȀǞƇƚ ǃǞʲƚɯ ŏȘ ƚʾɔɟƚɯɯǞȩȘ ǀȩɟ t3

t2 = t3A

t1 = t3A
2

→
t3
[
B AB A2B

]

︸ ︷︷ ︸
+ȩȘɾɟȩȀȀŏųǞȀǞɾʿ ȒŏɾɟǞʾ C

=
(
0 0 1

)

_ǞȘŏȀȀ ʿࡈ ɾǕƚ Ȁŏɯɾ ɟȩʶ ȩǀ ɾǕƚ ɾɟŏȘɯǀȩɟȒŏɾǞȩȘ Ǟɯ ǃǞʲƚȘ ųʿ

t3 =
(
0 0 1

)
C−1

ߞߞ

ëɾŏɾƚ ÷ɟŏȘɯǀȩɟȒŏɾǞȩȘ ɾȩ +ȩȘɾɟȩȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

bƚȘƚɟŏȀ ɔɟȩżƚƇʕɟƚ

ࡏߝ _ȩɟȒ ɾǕƚ żȩȘɾɟȩȀȀŏųǞȀǞɾʿ ȒŏɾɟǞʾ

C =
[
B AB A2B . . . An−1B

]

ࡏߞ +ȩȒɔʕɾƚ ɾǕƚ Ȁŏɯɾ ɟȩʶ ȩǀ ɾǕƚ ǞȘʲƚɟɯƚ

tn =
[
0 0 . . . 1

]
C−1

ࡏߟ +ȩȘɯɾɟʕżɾ ɾǕƚ ɾɟŏȘɯǀȩɟȒŏɾǞȩȘ ȒŏɾɟǞʾ

T−1 =





tnA
n−1

tnA
n−2

ࡏࡏࡏ
tn





�ȩɾƚ ࡇ ÷Ǖƚ ɯʿɯɾƚȒ żŏȘ ȩȘȀʿ ųƚ ɔʕɾ ǞȘ żȩȘɾɟȩȀȀŏųȀƚ ǀȩɟȒ Ǟǀ C Ǟɯ ǀʕȀȀ ɟŏȘǺ

ߟߞ

+ȩȘɾɟȩȀ �ŏʶ 4ƚɯǞǃȘࡇ _ʕȀȀ ëɾŏɾƚ _ƚƚƇųŏżǺ



+ȩȘɾɟȩȀ �ŏʶ 4ƚɯǞǃȘ ࡷ _ʕȀȀ ëɾŏɾƚ _ƚƚƇųŏżǺ

÷ɟʿ ŏ ɫɺŏɺǝż ǿǝȗƙŏɛ żȧȗɺɛȧǿ ǿŏʲ

u = −Kx = −
[
K1 K2 . . . Kn

]





x1

x2

ࡏࡏࡏ
xn





ẋ = Ax+Bu

u = −Kx

C Y
u

ĦǞɾǕ ɯʕżǕ ŏ żȩȘɾɟȩȀȀƚɟࡈ ʶƚ żŏȘ ɔȀŏżƚ n ɔȩȀƚɯ ࡈࡏƚࡏǞ࡫ ŏȀȀ ȩǀ ɾǕƚȒࡏ࡬

ߠߞ

_ʕȀȀ ëɾŏɾƚ _ƚƚƇųŏżǺ

`ȧŏǿࡋ ÚȀŏżƚ ɾǕƚ ɔȩȀƚɯ ȩǀ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ ŏɾ ɾǕƚ ǃǞʲƚȘ ȀȩżŏɾǞȩȘɯ

s = s1, s2, . . . , sn

÷Ǖƚ żȀȩɯƚƇࡷȀȩȩɔ ƇʿȘŏȒǞżɯ ŏɟƚ

ẋ = Ax−BKx

ʶǞɾǕ ɾǕƚ ɔȩȀƚɯ ǃǞʲƚȘ ųʿ ɾǕƚ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ

det(sI − (A−BK)) = c(s;K) ← ÚȩȀʿȘȩȒǞŏȀ ȀǞȘƚŏɟȀʿ ɔŏɟŏȒƚɾƚɟǞˌƚƇ ųʿ K

÷ŏɟǃƚɾ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ Ǟɯ

(s− s1)(s− s2) · · · (s− sn) = αc(s) ← ÚȩȀʿȘȩȒǞŏȀ

sƆƙŏࡋ Cɛʕŏɾƚ żȩƚǀ˙żǞƚȘɾɯ ȩǀ c(s;K) = αc(s) ǞȘ ȩɟƇƚɟ ɾȩ żǕȩȩɯƚ K ࡏ

ߡߞ

CʾŏȒɔȀƚ

+ȩȘɾɟȩȀ �ŏʶ ǀȩɟ ŏ ÚƚȘƇʕȀʕȒ

(
ẋ1

ẋ2

)
=

[
0 1

−ω2
0 0

](
x1

x2

)
+

[
0

1

]
u

4ƚɯǞǃȘ ŏ ȀǞȘƚŏɟ ɯɾŏɾƚࡷǀƚƚƇųŏżǺ żȩȘɾɟȩȀȀƚɟ ɾȩ ɔȀŏżƚ ųȩɾǕ żȀȩɯƚƇࡷȀȩȩɔ ɔȩȀƚɯ ɾȩ −2ω0

Ǟࡏƚࡈࡏ ƇȩʕųȀƚ ɾǕƚ ȘŏɾʕɟŏȀ ǀɟƚɛʕƚȘżʿ ŏȘƇ ǞȘżɟƚŏɯƚ ƇŏȒɔǞȘǃ ɟŏɾǞȩ ǀɟȩȒ 0 ɾȩ ࡏ1

÷ŏɟǃƚɾ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘࡇ

αc(s) = (s+ 2ω0)
2 = s2 + 4ω0s+ 4ω2

0

ÚŏɟŏȒƚɾƚɟǞˌƚƇ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘࡇ

c(s;K) = det(sI − (A−BK)) = det

{[
s 0

0 s

]
−
[

0 1

−ω2
0 0

]
+

[
0

1

] [
K1 K2

]}

= s2 +K2s+ ω2
0 +K1

+ȩȘɾɟȩȀȀƚɟ Ǟɯ

K =
[
K1 K2

]
=
[
3ω2

0 4ω0

]

ߢߞ

CʾŏȒɔȀƚ

+ȩȘɾɟȩȀ �ŏʶ ǀȩɟ ŏ ÚƚȘƇʕȀʕȒ

(
ẋ1

ẋ2

)
=

[
0 1

−ω2
0 0

](
x1

x2

)
+

[
0

1

]
u

4ƚɯǞǃȘ ŏ ȀǞȘƚŏɟ ɯɾŏɾƚࡷǀƚƚƇųŏżǺ żȩȘɾɟȩȀȀƚɟ ɾȩ ɔȀŏżƚ ųȩɾǕ żȀȩɯƚƇࡷȀȩȩɔ ɔȩȀƚɯ ɾȩ −2ω0

Ǟࡏƚࡈࡏ ƇȩʕųȀƚ ɾǕƚ ȘŏɾʕɟŏȀ ǀɟƚɛʕƚȘżʿ ŏȘƇ ǞȘżɟƚŏɯƚ ƇŏȒɔǞȘǃ ɟŏɾǞȩ ǀɟȩȒ 0 ɾȩ ࡏ1

÷ŏɟǃƚɾ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘࡇ

αc(s) = (s+ 2ω0)
2 = s2 + 4ω0s+ 4ω2

0

ÚŏɟŏȒƚɾƚɟǞˌƚƇ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘࡇ

c(s;K) = det(sI − (A−BK)) = det

{[
s 0

0 s

]
−
[

0 1

−ω2
0 0

]
+

[
0

1

] [
K1 K2

]}

= s2 +K2s+ ω2
0 +K1

+ȩȘɾɟȩȀȀƚɟ Ǟɯ

K =
[
K1 K2

]
=
[
3ω2

0 4ω0

]

ߢߞ



ÚȩȀƚ ÚȀŏżƚȒƚȘɾ ǞȘ +ȩȘɾɟȩȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

+ȩȘɯǞƇƚɟ ɔȩȀƚ ɔȀŏżƚȒƚȘɾ ǞȘ żȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ

A =





−a1 −a2 . . . . . . −an

1 0 . . . . . . 0

0 1 0 . . . 0
ࡏࡏࡏ

ࡏ ࡏ ࡏ ࡏ ࡏ ࡏ 0
ࡏࡏࡏ

0 0 . . . 1 0




B =





1

0

0
ࡏࡏࡏ
0




K =

[
K1 K2 . . . Kn

]

÷Ǖƚ ʑɑɑƙɛ żȧȑɑŏȗǝȧȗ ƿȧɛȑ ȒŏɾɟǞʾ ǃǞʲƚɯ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ƇʿȘŏȒǞżɯ

A−BK =





−a1 −K1 −a2 −K2 . . . . . . −an −Kn

1 0 . . . . . . 0

0 1 0 . . . 0
ࡏࡏࡏ

ࡏ ࡏ ࡏ ࡏ ࡏ ࡏ 0
ࡏࡏࡏ

0 0 . . . 1 0





÷Ǖƚ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ Ǟɯ

c(s;K) = sn + (a1 +K1)s
n−1 + (a2 +K2)s

n−2 + · · ·+ (an +Kn)

ߣߞ

ÚȩȀƚ ÚȀŏżƚȒƚȘɾ ǞȘ +ȩȘɾɟȩȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

÷Ǖƚ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ Ǟɯ

c(s;K) = sn + (a1 +K1)s
n−1 + (a2 +K2)s

n−2 + · · ·+ (an +Kn)

vǀ ɾǕƚ ɾŏɟǃƚɾ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ Ǟɯ ǃǞʲƚȘ ųʿ

αc(s) = sn + α1s
n−1 + α2s

n−2 + · · ·+ αn

÷Ǖƚ żȩȘɾɟȩȀ Ȁŏʶ Ǟɯ

K =
[
−a1 + α1 −a2 + α2 · · · −an + αn

]

ߤߞ

ÚȩȀƚ ÚȀŏżƚȒƚȘɾ ǞȘ +ȩȘɾɟȩȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

ÚɟȩżƚƇʕɟƚ ɾȩ ɔȀŏżƚ ɔȩȀƚɯ ŏɾ ƇƚɯǞɟƚƇ ȀȩżŏɾǞȩȘɯ {si} ǃǞʲƚȘ ƇʿȘŏȒǞż ɯʿɯɾƚȒ (A,B)

ࡏߝ +ȩȒɔʕɾƚ ɾɟŏȘɯǀȩɟȒŏɾǞȩȘ ȒŏɾɟǞʾ T ɾȩ żȩȘʲƚɟɾ ɾȩ żȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ (Ac, Bc)

ࡏߞ +ȩȒɔʕɾƚ żȩȘɾɟȩȀ Ȁŏʶ Kc ɾȩ ɔȀŏżƚ ɔȩȀƚɯ ŏɾ {si} ǀȩɟ (Ac, Bc)

ࡏߟ +ȩȘʲƚɟɾ żȩȘɾɟȩȀ ǃŏǞȘ ųŏżǺ ɾȩ ȩɟǞǃǞȘŏȀ ɯɾŏɾƚ K = KcT
−1

÷ǕǞɯ ɔɟȩżƚɯɯ Ǟɯ ʶɟǞɾɾƚȘ Ȓȩɟƚ ɯʕżżǞȘżɾȀʿ ŏɯ �żǺƚɟȒŏȘȘ࢈ɯ ǀȩɟȒʕȀŏ
�żǺƚɟȒŏȘȘ࢈ɯ _ȩɟȒʕȀŏ
`ȧŏǿ +Ǖȩȩɯƚ żȩȘɾɟȩȀȀƚɟ ǃŏǞȘK ǀȩɟ ɾǕƚ ɯʿɯɾƚȒ (A,B) ɯȩ ɾǕŏɾ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ
ẋ = (A−BK)x Ǖŏɯ ɾǕƚ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ α(s)

K =
[
0 0 . . . 1

]
C−1α(A)

ʶǕƚɟƚ α(A) Ǟɯ ɾǕƚ ƇƚɯǞɟƚƇ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ ƚʲŏȀʕŏɾƚƇ ŏɾ ɾǕƚ ȒŏɾɟǞʾ A

α(A) = An + α1A
n−1 + α2A

n−2 + · · ·+ αn

ߥߞ

ÚȩȀƚ ÚȀŏżƚȒƚȘɾ ǞȘ +ȩȘɾɟȩȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

ÚɟȩżƚƇʕɟƚ ɾȩ ɔȀŏżƚ ɔȩȀƚɯ ŏɾ ƇƚɯǞɟƚƇ ȀȩżŏɾǞȩȘɯ {si} ǃǞʲƚȘ ƇʿȘŏȒǞż ɯʿɯɾƚȒ (A,B)

ࡏߝ +ȩȒɔʕɾƚ ɾɟŏȘɯǀȩɟȒŏɾǞȩȘ ȒŏɾɟǞʾ T ɾȩ żȩȘʲƚɟɾ ɾȩ żȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ (Ac, Bc)

ࡏߞ +ȩȒɔʕɾƚ żȩȘɾɟȩȀ Ȁŏʶ Kc ɾȩ ɔȀŏżƚ ɔȩȀƚɯ ŏɾ {si} ǀȩɟ (Ac, Bc)

ࡏߟ +ȩȘʲƚɟɾ żȩȘɾɟȩȀ ǃŏǞȘ ųŏżǺ ɾȩ ȩɟǞǃǞȘŏȀ ɯɾŏɾƚ K = KcT
−1

÷ǕǞɯ ɔɟȩżƚɯɯ Ǟɯ ʶɟǞɾɾƚȘ Ȓȩɟƚ ɯʕżżǞȘżɾȀʿ ŏɯ �żǺƚɟȒŏȘȘ࢈ɯ ǀȩɟȒʕȀŏ
�żǺƚɟȒŏȘȘ࢈ɯ _ȩɟȒʕȀŏ
`ȧŏǿ +Ǖȩȩɯƚ żȩȘɾɟȩȀȀƚɟ ǃŏǞȘK ǀȩɟ ɾǕƚ ɯʿɯɾƚȒ (A,B) ɯȩ ɾǕŏɾ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ
ẋ = (A−BK)x Ǖŏɯ ɾǕƚ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ α(s)

K =
[
0 0 . . . 1

]
C−1α(A)

ʶǕƚɟƚ α(A) Ǟɯ ɾǕƚ ƇƚɯǞɟƚƇ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ ƚʲŏȀʕŏɾƚƇ ŏɾ ɾǕƚ ȒŏɾɟǞʾ A

α(A) = An + α1A
n−1 + α2A

n−2 + · · ·+ αn

ߥߞ



CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ǀʕȀȀࡷɯɾŏɾƚ ȀǞȘƚŏɟ żȩȘɾɟȩȀȀƚɟ ɯʕżǕ ɾǕŏɾ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɔȩȀƚɯ ŏɟƚ−6 ŏȘƇ−5
ǀȩɟ ɾǕƚ ǀȩȀȀȩʶǞȘǃ ɯʿɯɾƚȒࡏ

ẋ =

[
1 1

1 2

]
x+

[
1

0

]
u

÷ŏɟǃƚɾ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ

α(s) = (s+ 6)(s+ 5) = s2 + 11s+ 30

�żǺƚɟȒŏȘȘ࢈ɯ ǀȩɟȒʕȀŏ

K =
[
0 1

]
C−1α(A)

=
[
0 1

] [
B AB

]−1
(A2 + 11A+ 30I)

=
[
0 1

] [1 1

0 1

]−1([
1 1

1 2

]2
+ 11

[
1 1

1 2

]
+ 30

[
1 0

0 1

])

=
[
14 57

]

ߜߟ

CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ǀʕȀȀࡷɯɾŏɾƚ ȀǞȘƚŏɟ żȩȘɾɟȩȀȀƚɟ ɯʕżǕ ɾǕŏɾ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɔȩȀƚɯ ŏɟƚ−6 ŏȘƇ−5
ǀȩɟ ɾǕƚ ǀȩȀȀȩʶǞȘǃ ɯʿɯɾƚȒࡏ

ẋ =

[
1 1

1 2

]
x+

[
1

0

]
u

÷ŏɟǃƚɾ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ

α(s) = (s+ 6)(s+ 5) = s2 + 11s+ 30

�żǺƚɟȒŏȘȘ࢈ɯ ǀȩɟȒʕȀŏ

K =
[
0 1

]
C−1α(A)

=
[
0 1

] [
B AB

]−1
(A2 + 11A+ 30I)

=
[
0 1

] [1 1

0 1

]−1([
1 1

1 2

]2
+ 11

[
1 1

1 2

]
+ 30

[
1 0

0 1

])

=
[
14 57

]

ߜߟ

ÚȩȀƚ ÚȀŏżƚȒƚȘɾ ࡷ ëʕȒȒŏɟʿ

� ɫɺŏɺǝż ǿǝȗƙŏɛ żȧȗɺɛȧǿǿƙɛ u = −Kx żŏȘ ɔȀŏżƚ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɔȩȀƚɯ ŏɟųǞɾɟŏɟǞȀʿ

ÚƙɗʑǝɛƙƆ żȧȗƆǝɺǝȧȗࡋ +ȩȘɾɟȩȀȀŏųǞȀǞɾʿ ȒŏɾɟǞʾ C Ȓʕɯɾ ųƚ ǞȘʲƚɟɾǞųȀƚࡏ

ߝߟ

+ȩȘɾɟȩȀȀŏųǞȀǞɾʿ



÷Ǖƚ ÚɟȩųȀƚȒ

+ȩȘɯǞƇƚɟ ɾǕƚ ɾʶȩ ƇǞǀǀƚɟƚȘɾ ɯɾŏɾƚࡷɯɔŏżƚ ȒȩƇƚȀɯࡈ ŏȘƇ ɾǕƚǞɟ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘɯ

ẋ = −2x+ 2u

y = 3x

⇓

G(s) = C(sI −A)−1B

= 3(s+ 2)−12

=
6

s+ 2

ż =

[
−2 0

0 −1

]
z +

[
2

0

]
u

y =
[
3 2

]

⇓

G(s) = C(sI −A)−1B

=
[
3 2

]([s 0

0 s

]
−
[
−2 0

0 −1

])−1 [
2

0

]

=
[

3
s+2

2
s+1

] [2
0

]
=

6
s+ 2

ࡄ ÷Ǖƚ ƚǀǀƚżɾ ȩǀ ɾǕƚ ǞȘɔʕɾ ȩȘ ɾǕƚ ȩʕɾɔʕɾ Ǟɯ ɾǕƚ ɯŏȒƚ ǞȘ ųȩɾǕ żŏɯƚɯࡋ
ࡄ ĦǕǞȀƚ ɯɾŏɾƚ z2 ǞȒɔŏżɾɯ ɾǕƚ ȩʕɾɔʕɾࡈ ʶƚ żŏȘȘȩɾ ǞȘ˚ʕƚȘżƚ Ǟɾ ʲǞŏ ɾǕƚ ǞȘɔʕɾ
ࡄ mȩʶƚʲƚɟࡈ ȘȩǞɯƚ Ȓŏʿ ʶƚȀȀ ƇɟǞʲƚ z2

*ȧȗɺɛȧǿǿŏųǝǿǝɺʻ Ǟɯ ŏ ǀʕȘżɾǞȩȘ ȩǀ ɾǕƚ ɯɾŏɾƚࡷɯɔŏżƚ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘ ߞߟ

+ȩȘɾɟȩȀȀŏųǞȀǞɾʿ

+ȩȘɾɟȩȀȀŏųǞȀǞɾʿ

�Ș �÷v ɯʿɯɾƚȒ Ǟɯ żȩȘɾɟȩȀȀŏųȀƚ Ǟǀࡈ ǀȩɟ ƚʲƚɟʿ x! ŏȘƇ ƚʲƚɟʿ T > ࡈ0 ɾǕƚɟƚ ƚʾǞɯɾɯ ŏȘ ǞȘɔʕɾ
ǀʕȘżɾǞȩȘ u(t)ࡈ 0 < t ≤ T ࡈ ɯʕżǕ ɾǕŏɾ ɾǕƚ ɯɾŏɾƚ ǃȩƚɯ ǀɟȩȒ x(0) = 0 ɾȩ x(T ) = x!ࡏ

÷Ǖƚɟƚ ƚʾǞɯɾɯ ŏȘ ǞȘɔʕɾ ɾǕŏɾ żŏȘ Ȓȩʲƚ ɾǕƚ ɯʿɯɾƚȒ ǀɟȩȒ ŏȘʿ ɯɾŏɾƚ ɾȩ ŏȘʿ ȩɾǕƚɟ ɯɾŏɾƚ ǞȘ
˙ȘǞɾƚ ɾǞȒƚࡏ

�ȩɾƚ ɾǕŏɾ ɾǕǞɯ ƇȩƚɯȘ࢈ɾ ȒƚŏȘ ɾǕŏɾ ɾǕƚ ɯʿɯɾƚȒ żŏȘ ųƚ ǕƚȀƇ ǞȘ ɾǕŏɾ ɯɾŏɾƚࡏ
+ȩȘɾɟȩȀȀŏųǞȀǞɾʿ ÷ƚɯɾ

÷Ǖƚ �÷v ɯʿɯɾƚȒ (A,B) Ǟɯ żȩȘɾɟȩȀȀŏųȀƚ Ǟǀ ŏȘƇ ȩȘȀʿ Ǟǀ

rank C = rank
[
B AB A2B . . . An−1B

]
= n

ʶǕƚɟƚ A ∈ Rn×n

�ȩɾƚ ɾǕŏɾ ʶƚ żŏȘ ɔȀŏżƚ ɾǕƚ ɔȩȀƚɯ ȩǀ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ Ǟǀ ŏȘƇ ȩȘȀʿ Ǟǀ ɾǕƚ
ɯʿɯɾƚȒ Ǟɯ żȩȘɾɟȩȀȀŏųȀƚࡈ ɯǞȘżƚ ʶƚ Ȓʕɯɾ ǞȘʲƚɟɾ ɾǕƚ żȩȘɾɟȩȀȀŏųǞȀǞɾʿ ȒŏɾɟǞʾࡏ

ߟߟ

ëɾŏɾƚ ÷ɟŏȘɯǀȩɟȒŏɾǞȩȘɯ ŏȘƇ +ȩȘɾɟȩȀȀŏųǞȀǞɾʿ

Øʑƙɫɺǝȧȗࡋ 4ȩƚɯ ŏ ɯɾŏɾƚ ɾɟŏȘɯǀȩɟȒŏɾǞȩȘ ǞȒɔŏżɾ ɾǕƚ żȩȘɾɟȩȀȀŏųǞȀǞɾʿ ȩǀ ɾǕƚ ɯʿɯɾƚȒࡐ

+ȩȘɯǞƇƚɟ ŏ ɯʿɯɾƚȒ Ƈƚ˙ȘƚƇ ųʿ ɾǕƚ ȒŏɾɟǞżƚɯ (A,B)ࡈ ŏȘƇ ɾǕƚ ɯʿɯɾƚȒ (Ā, B̄)

ɾɟŏȘɯǀȩɟȒƚƇ ųʿ ɾǕƚ ǞȘʲƚɟɾǞųȀƚ ȒŏɾɟǞʾ T ࡏ

Cx =
[
B AB . . . An−1B

]

Cz =
[
B̄ ĀB̄ . . . Ān−1B̄

]

=
[
T−1B T−1ATT−1B . . . T−1An−1TT−1B

]

= T−1Cx

∴ Cz Ǟɯ ȘȩȘɯǞȘǃʕȀŏɟ Ǟǀ ŏȘƇ ȩȘȀʿ Ǟǀ Cx Ǟɯ

ãɺŏɺƙ ɺɛŏȗɫƿȧɛȑŏɺǝȧȗɫ Ɔȧ ȗȧɺ ǝȑɑŏżɺ żȧȗɺɛȧǿǿŏųǝǿǝɺʻ

ߠߟ

vȒɔŏżɾ ȩǀ +ȩȘɾɟȩȀȀŏųǞȀǞɾʿ ȩȘ ëɾŏɾƚ bŏǞȘ

+ȩȒɔʕɾƚ ŏ ȀǞȘƚŏɟ ɯɾŏɾƚ ǀƚƚƇųŏżǺ żȩȘɾɟȩȀȀƚɟ ɾȩ ɔȀŏżƚ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɔȩȀƚɯ ŏɾ ɾǕƚ
ɟȩȩɾɯ ȩǀ s2 + 2ζωns+ ω2

n

A =

[
−7 1

−12 0

]
B =

[
1

−z0

]

C =
[
1 0

]
D = 0

+ȩȒɔʕɾƚ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ

det(sI − (A−BK)) = s2 + (K1 −K2z0 + 7)s− 12K2 −K1z0 − 7K2z0 + 12

= s2 + 2ζωns+ ω2
n

K1 =
z0(14ζωn − 37− ω2

n) + 12(2ζωn − 7)
(z0 + 3)(z0 + 4)

K2 =
z0(7− 2ζωn) + 12− ω2

n

(z0 + 3)(z0 + 4)

ߡߟ



vȒɔŏżɾ ȩǀ +ȩȘɾɟȩȀȀŏųǞȀǞɾʿ ȩȘ ëɾŏɾƚ bŏǞȘ

÷ŏǺƚ ζ = ࡈ0.5 ωn = ࡈ2 ŏȘƇ ʶƚ ǃƚɾ ɾǕƚ żȩȘɾɟȩȀȀƚɟ

K =
1

(z0 + 3)(z0 + 4)

[
−27z0 5z0 + 8

]

−10 −9 −8 −7 −6 −5 −4 −3 −2 −1 0

101

102

103

104

ëʿɯɾƚȒ Ȁȩȩɯƚɯ
żȩȘɾɟȩȀȀŏųǞȀǞɾʿ

z0

+ȩ
Șɾ
ɟȩ
ȀȀƚ
ɟǃ
ŏǞ
Ș
‖K
‖

÷ɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ ȩǀ ȩɔƚȘࡷȀȩȩɔ ɯʿɯɾƚȒ Ǟɯ s− z0
(s+ 4)(s+ 3)

Ļƚɟȩ ŏȀȒȩɯɾ żŏȘżƚȀɯ ȩȘƚ ȩǀ ɾǕƚ ɔȩȀƚɯ→ mǞǃǕƚɟ ǃŏǞȘ Ǟɯ ɟƚɛʕǞɟƚƇ ɾȩ żȩȒɔƚȘɯŏɾƚ
ߢߟ

�ȩƇŏȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

�ɯɯʕȒƚ ɾǕŏɾ ɾǕƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ Ǖŏɯ ƇǞɯɾǞȘżɾ ɟƚŏȀ ɔȩȀƚɯ piߞ

G(s) =
N(s)

(s− p1)(s− p2) . . . (s− pn)

=
r1

s− p1
+

r2
s− p2

+ · · ·+ rn
s− pn

4ƚ˙Șƚ ŏ ɯƚɾ ȩǀ ˙ɟɯɾࡷȩɟƇƚɟ ɯʿɯɾƚȒɯࡈ ƚŏżǕ ʶǞɾǕ ɾǕƚǞɟ ȩʶȘ ɯɾŏɾƚ
X1

U(s)
=

r1
s− p1

→ ẋ1 = p1x1 + r1u

X2

U(s)
=

r2
s− p2

→ ẋ2 = p2x2 + r2u

ࡏࡏࡏ
Xn

U(s)
=

rn
s− pn

→ ẋn = pnxn + rnu

ǕǞɯ÷ߞ ƚʾɾƚȘƇɯ ɾȩ ɟƚɔƚŏɾƚƇ ŏȘƇ żȩȒɔȀƚʾ ɔȩȀƚɯ ŏɯ ʶƚȀȀࡈ ųʕɾ ɾǕƚ ɟƚɯʕȀɾǞȘǃ AࡷȒŏɾɟǞʾ Ǟɯ Șȩ ȀȩȘǃƚɟ ƇǞŏǃȩȘŏȀࡏ

ߣߟ

�ȩƇŏȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

�ȩƇŏȀ +ŏȘȩȘǞżŏȀ _ȩɟȒ

ẋ =





p1
ࡏ ࡏ ࡏ

pn



x+





1
ࡏࡏࡏ
1



u

y =
[
r1 . . . rn

]
x

U
1
s

2

−4

1
s

−1

−3

Y
ẋ1 x1

ẋ2 x2

G(s) =
s+ 2

s2 + 7s+ 12

=
2

s+ 4
+
−1
s+ 3

A =

[
−4 0

0 −3

]
B =

[
1

1

]

C =
[
2 −1

]
D = 0

ߤߟ

÷ɟŏȘɯǀȩɟȒŏɾǞȩȘ ɾȩ �ȩƇŏȀ _ȩɟȒ

+ȩȒɔʕɾƚ ɾǕƚ ȒȩƇŏȀ ǀȩɟȒ ȩǀ ɾǕƚ ɯʿɯɾƚȒ

ẋ = Ax+Bu

y = Cx

+ȩȒɔʕɾƚ ƚǞǃƚȘʲŏȀʕƚ ƇƚżȩȒɔȩɯǞɾǞȩȘ ȩǀ A = TΛT−1 ŏɯɯʕȒǞȘǃ࡫ A Ǟɯ ƇǞŏǃȩȘŏȀǞˌŏųȀƚ࡬

�ɔɔȀʿ ɾǕƚ ɯɾŏɾƚ ɾɟŏȘɯǀȩɟȒŏɾǞȩȘ x = Tz

ż = T−1ATz + T−1Bu = Λz + T−1Bu

y = CTz +Du

�ȩɾƚ ɾǕŏɾ Ǟǀ ɟȩʶ i ȩǀ T−1B Ǟɯ ˌƚɟȩࡈ ɾǕƚȘ ɾǕƚ ǞȘɔʕɾ żŏȘȘȩɾ ǞȒɔŏżɾ ȒȩƇƚ iࡈ ŏȘƇ ɾǕƚ
ȒȩƇƚȀ Ǟɯ ʕȘżȩȘɾɟȩȀȀŏųȀƚࡏ

ߥߟ



CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ɾǕƚ ȒȩƇŏȀ ǀȩɟȒ ȩǀ ɾǕƚ ȒȩƇƚȀ

A =

[
−7 1

−12 0

]
B =

[
1

3

]

C =
[
1 0

]
D = 0

A = T

[
−4 0

0 −3

]
T−1 T =

[
−0.3162 −0.2425
−0.9487 −0.9701

]

�ȩƇŏȀ ǀȩɟȒ

ż =

[
−4 0

0 −3

]
z +

[
−3.1623

0

]
u

y =
[
−0.3162 −0.2425

]
z

ĦǕƚɟƚ ʶƚ ɯƚƚ ǀɟȩȒ Bࡈ ɾǕŏɾ ɾǕƚ ǞȘɔʕɾ Ǖŏɯ Șȩ ƚǀǀƚżɾ ȩȘ ɾǕƚ ɯƚżȩȘƇ ȒȩƇƚ z2ࡏ

ߜߠ

CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ɾǕƚ ȒȩƇŏȀ ǀȩɟȒ ȩǀ ɾǕƚ ȒȩƇƚȀ

A =

[
−7 1

−12 0

]
B =

[
1

3

]

C =
[
1 0

]
D = 0

A = T

[
−4 0

0 −3

]
T−1 T =

[
−0.3162 −0.2425
−0.9487 −0.9701

]

�ȩƇŏȀ ǀȩɟȒ

ż =

[
−4 0

0 −3

]
z +

[
−3.1623

0

]
u

y =
[
−0.3162 −0.2425

]
z

ĦǕƚɟƚ ʶƚ ɯƚƚ ǀɟȩȒ Bࡈ ɾǕŏɾ ɾǕƚ ǞȘɔʕɾ Ǖŏɯ Șȩ ƚǀǀƚżɾ ȩȘ ɾǕƚ ɯƚżȩȘƇ ȒȩƇƚ z2ࡏ

ߜߠ

áƚǀƚɟƚȘżƚ ÷ɟŏżǺǞȘǃ

áƚǀƚɟƚȘżƚ ÷ɟŏżǺǞȘǃ

áƚǀƚɟƚȘżƚ ÷ɟŏżǺǞȘǃ

vǀ ɾǕƚ ɯɾŏɾƚ ǞȘɔʕɾ ɔŏǞɟ (xss, uss) ɯŏɾǞɯ˙ƚɯ ɾǕƚ żȩȘƇǞɾǞȩȘɯ

0 = Axss +Buss ← ëɾƚŏƇʿࡷɯɾŏɾƚ
r = Cxss +Duss ← °ʕɾɔʕɾ ƚɛʕŏȀ ɾȩ ɾǕƚ ɟƚǀƚɟƚȘżƚ

ŏȘƇ ɾǕƚ żȩȘɾɟȩȀ Ȁŏʶ u = uss −K(x− xss) Ǟɯ ŏɔɔȀǞƚƇࡈ ɾǕƚȘ

lim
t→∞

y(t) = r

�ɔɔȀʿ żȩȘɾɟȩȀ Ȁŏʶ u = uss −K(x− xss)

ẋ = Ax+Buss −BK(x− xss)

ẋ− ẋss = Ax+Buss −BK(x− xss)−Axss −Buss �ƇƇ ˌƚɟȩ ɾȩ ųȩɾǕ ɯǞƇƚɯ
d(x− xss)

dt
= (A−BK)(x− xss)

÷Ǖƚ ȒŏɾɟǞʾ (A−BK) Ǖŏɯ ŏȀȀ ƚǞǃƚȘʲŏȀʕƚɯ ǞȘ ɾǕƚ ȘƚǃŏɾǞʲƚ ǕŏȀǀ ɯɔŏżƚࡏ ÷Ǖƚɟƚǀȩɟƚ x

ʶǞȀȀ żȩȘʲƚɟǃƚ ɾȩ xssࡈ ŏȘƇ u ɾȩ ussࡏ

ߝߠ



ÚŏɟŏȒƚɾƚɟǞˌŏɾǞȩȘ ȩǀ ɾǕƚ ÷ŏɟǃƚɾ ëɾŏɾƚ ŏȘƇ vȘɔʕɾ

ÚŏɟŏȒƚɾƚɟǞˌƚ ɾǕƚ ɯɾƚŏƇʿࡷɯɾŏɾƚ ŏɯ ŏ ǀʕȘżɾǞȩȘ ȩǀ r
[
xss

uss

]
=

[
A B

C D

]−1 [
0

1

]
r =

[
Nx

Nu

]
r

÷Ǖƚ żȩȘɾɟȩȀȀƚɟ Ǟɯ Șȩʶ

u = uss −K(x− xss) = Nur −Kx+KNxr

= −Kx+ (Nu +KNx)r = −Kx+ N̄r

R Nu

−K

ëʿɯɾƚȒ Y

Nx

x

+

+

− +

R N̄

−K

ëʿɯɾƚȒ Y

x

+

+

ߞߠ

CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ǀʕȀȀࡷɯɾŏɾƚ ȀǞȘƚŏɟ żȩȘɾɟȩȀȀƚɟ ɯʕżǕ ɾǕŏɾ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɔȩȀƚɯ ŏɟƚ−6 ŏȘƇ−5
ŏȘƇ ɾȩ ɾɟŏżǺ ɟƚǀƚɟƚȘżƚɯ ǀȩɟ ɾǕƚ ǀȩȀȀȩʶǞȘǃ ɯʿɯɾƚȒࡏ

ẋ =

[
1 1

1 2

]
x+

[
1

0

]
u

y =
[
1 0

]

Ħƚ ɔɟƚʲǞȩʕɯȀʿ żȩȒɔʕɾƚƇ ɾǕƚ ɔȩȀƚ ɔȀŏżƚȒƚȘɾ żȩȘɾɟȩȀ Ȁŏʶ

K =
[
14 57

]

áƚǀƚɟƚȘżƚ żȩȒɔʕɾŏɾǞȩȘ
[
Nx

Nu

]
=

[
A B

C D

]−1 [
0

1

]
=




1 1 1

1 2 0

1 0 0





−1 


0

0

1



 =




1

−0.5
−0.5





N̄ = (Nu +KNx) = −0.5 +
[
14 57

] [ 1

−0.5

]
= −15

ߟߠ

CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ǀʕȀȀࡷɯɾŏɾƚ ȀǞȘƚŏɟ żȩȘɾɟȩȀȀƚɟ ɯʕżǕ ɾǕŏɾ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɔȩȀƚɯ ŏɟƚ−6 ŏȘƇ−5
ŏȘƇ ɾȩ ɾɟŏżǺ ɟƚǀƚɟƚȘżƚɯ ǀȩɟ ɾǕƚ ǀȩȀȀȩʶǞȘǃ ɯʿɯɾƚȒࡏ

ẋ =

[
1 1

1 2

]
x+

[
1

0

]
u

y =
[
1 0

]

Ħƚ ɔɟƚʲǞȩʕɯȀʿ żȩȒɔʕɾƚƇ ɾǕƚ ɔȩȀƚ ɔȀŏżƚȒƚȘɾ żȩȘɾɟȩȀ Ȁŏʶ

K =
[
14 57

]

áƚǀƚɟƚȘżƚ żȩȒɔʕɾŏɾǞȩȘ
[
Nx

Nu

]
=

[
A B

C D

]−1 [
0

1

]
=




1 1 1

1 2 0

1 0 0





−1 


0

0

1



 =




1

−0.5
−0.5





N̄ = (Nu +KNx) = −0.5 +
[
14 57

] [ 1

−0.5

]
= −15

ߟߠ

CʾŏȒɔȀƚ

vȒɔȀƚȒƚȘɾ ɾǕƚ żȩȘɾɟȩȀ Ȁŏʶ

u = −Kx+ N̄r = −
[
14 57

]
x− 15r

−2

0

2

°ʕ
ɾɔ
ʕɾ

y

0 2 4 6 8 10 12

−20

0

20

÷ǞȒƚ ࡬ɯƚż࡫
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ɔʕ
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ëƚȀƚżɾǞȩȘ ȩǀ bȩȩƇ ÚȩȀƚ �ȩżŏɾǞȩȘɯ

ĦǕŏɾ ŏɟƚ bȩȩƇ ÚȩȀƚ �ȩżŏɾǞȩȘɯࡐ

÷Ǖƚɟƚ ŏɟƚ ȒŏȘʿ ʶŏʿɯ ɾȩ Ƈȩ ɾǕǞɯ ƇƚɔƚȘƇǞȘǃ ȩȘ ɾǕƚ ǃȩŏȀɯ ŏȘƇ ɾǕƚ ɯʿɯɾƚȒࡏ ƚࡏǃࡈࡏ

ࡏߝ ÚȀŏżƚ ƇȩȒǞȘŏȘɾ ɯƚżȩȘƇࡷȩɟƇƚɟ ɔȩȀƚɯ
ࡄ +Ǖȩȩɯƚ ȀȩżŏɾǞȩȘ ǀȩɟ ɾǕƚ ࢈ȒŏǞȘࢇ ųƚǕŏʲǞȩʕɟࡈ ŏȘƇ ƇŏȒɔ ɾǕƚ ɟƚɯɾ ȩǀ ɾǕƚ ȒȩƇƚɯ ɛʕǞżǺȀʿ

ࡏߞ �ȩƇƚȀ ȒŏɾżǕǞȘǃ
ࡄ +Ǖȩȩɯƚ ǀɟȩȒ ŏ ɔŏɟŏȒƚɾƚɟǞˌƚƇ ɔɟȩɾȩɾʿɔƚ ɟƚɯɔȩȘɯƚ

ࡏߟ °ɔɾǞȒŏȀ żȩȘɾɟȩȀ ࡷ �ǞȘƚŏɟ ßʕŏƇɟŏɾǞż áƚǃʕȀŏɾȩɟ
ࡄ 4ƚ˙Șƚ ŏ żȩɯɾࢇ ǀʕȘżɾǞȩȘ࢈ ŏȘƇ ɯƚȀƚżɾ ɔȩȀƚɯ ɾȩ ȒǞȘǞȒǞˌƚ Ǟɾ

ÚȩȀƚ ɯƚȀƚżɾǞȩȘ Ǟɯ ȩǀɾƚȘ ŏȘ ǝɺƙɛŏɺǝʮƙ ɫżǔƙȑƙ ųƚǀȩɟƚ ˙ȘƇǞȘǃ ɾǕƚ ųƚɯɾ ȀȩżŏɾǞȩȘࡏ

Ħƚ ʶǞȀȀ żȩʲƚɟ ɾǕƚ ˙ɟɯɾ ɾʶȩ Șȩʶࡈ ŏȘƇ ɟƚɾʕɟȘ ɾȩ ɾǕƚ ɾǕǞɟƇ Ȁŏɾƚɟࡏ

ߡߠ

4ȩȒǞȘŏȘɾ ëƚżȩȘƇ °ɟƇƚɟ ÚȩȀƚɯ

sƆƙŏࡋ +Ǖȩɯƚ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ ɾȩ Ǖŏʲƚ ŏȘ ŏǿȑȧɫɺ ɯƚżȩȘƇࡷȩɟƇƚɟ ɟƚɯɔȩȘɯƚ

ࡄ Ćɯƚ ɾǞȒƚࡷƇȩȒŏǞȘ ɯɔƚżǞ˙żŏɾǞȩȘɯ ɾȩ Ȁȩżŏɾƚ Ɔȧȑǝȗŏȗɺ ɑȧǿƙɫ

s2 + 2ζωns+ ω2
n

ʕɯǞȘǃ ƚࡏǃࡈࡏ ȩʲƚɟɯǕȩȩɾࡈ ɯƚɾɾȀǞȘǃ ɾǞȒƚࡈ ƚɾż
ࡄ ÚȀŏżƚ ɾǕƚ ɟƚȒŏǞȘǞȘǃ ɔȩȀƚɯ ɯȩ ɾǕŏɾ ɾǕƚʿ ŏɟƚ ȒʕżǕࢇ ǀŏɯɾƚɟ࢈

ࡄ ƚࡏǃࡈࡏ Ǻƚƚɔ ƇŏȒɔƚƇ ǀɟƚɛʕƚȘżʿ ωd ŏȘƇ Ȓȩʲƚ ɟƚŏȀ ɔŏɟɾ ɾȩ ųƚ ×3ࡷ×2 ǀŏɯɾƚɟ ɾǕŏȘ
ƇȩȒǞȘŏȘɾ ɔȩȀƚɯ

ëȩȒƚ ɔɟǞȘżǞɔȀƚɯ ɾȩ Ǻƚƚɔ ǞȘ ȒǞȘƇ ǞȘ ȩɟƇƚɟ ɾȩ ȒǞȘǞȒǞˌƚ żȩȘɾɟȩȀ ƚǀǀȩɟɾ

ࡄ vɾ ɾŏǺƚɯ Ȓȩɟƚ żȩȘɾɟȩȀ ƚǀǀȩɟɾ ɾǕƚ ǀŏɟɾǕƚɟ ɔȩȀƚɯ ŏɟƚ ȒȩʲƚƇ
ࡄ �ȩʲǞȘǃ ŏȀȒȩɯɾ ʕȘżȩȘɾɟȩȀȀŏųȀƚ ȒȩƇƚɯ Ǟɯ Ȓȩɟƚ ƇǞǀ˙żʕȀɾ

ߢߠ

CʾŏȒɔȀƚ ࡷ ÚȀŏżƚȒƚȘɾ ȩǀ 4ȩȒǞȘŏȘɾ �ȩƇƚ

4ƚɯǞǃȘ ŏ ɯɾŏɾƚࡷǀƚƚƇųŏżǺ żȩȘɾɟȩȀ Ȁŏʶ ɯȩ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ Ǖŏɯ Șȩ Ȓȩɟƚ ɾǕŏȘ
ŏ 5% ȩʲƚɟɯǕȩȩɾ ŏȘƇ ŏ ɯƚɾɾȀǞȘǃ ɾǞȒƚ Ȁƚɯɯ ɾǕŏȘ 10 ɯƚżȩȘƇɯࡏ

A =





0 2 0 0 0

−0.1 −0.35 0.1 0.1 0.75

0 0 0 2 0

0.4 0.4 −0.4 −1.4 0

0 −0.03 0 0 −1




B =





0

0

0

0

1





ߣߠ



CʾŏȒɔȀƚ ࡷ +Ǖȩȩɯƚ ÷ŏɟǃƚɾ �ȩƇƚȀ

ëƚȀƚżɾ ɯƚżȩȘƇࡷȩɟƇƚɟ ɔȩȀƚɯ ǀȩɟ 5% ȩʲƚɟɯǕȩȩɾ ŏȘƇ ŏ ɟǞɯƚ ɾǞȒƚ Ȁƚɯɯ ɾǕŏȘ 4 ɯƚżȩȘƇɯࡏ
ÚƚɟżƚȘɾ ȩʲƚɟɯǕȩȩɾ Ȁƚɯɯ ɾǕŏȘ 5%

P.O. := Mp × 100% = 100e−ζπ/
√

1−ζ2

ζ ≥ − lnMp√
ln(Mp)2 + π2

= 0.69

+Ǖȩȩɯƚ ζ = 0.7

ëƚɾɾȀǞȘǃ ɾǞȒƚ Ȁƚɯɯ ɾǕŏȘ 10 ɯƚż

÷ǞȒƚ ɾȩ ɯƚɾɾȀƚ ɾȩ ʶǞɾǕǞȘ δ = 1% ɔƚɟżƚȘɾ ȩǀ ɾǕƚ ɯɾƚŏƇʿࡷɯɾŏɾƚ ʲŏȀʕƚࡏ

Ts =
− log δ
ζωn

=
4.6
ζωn

=
4.6
σ

10 ≥ 4.6
ζωn

ωn ≥
4.6
10

1
0.7

= 0.66

+Ǖȩȩɯƚ ωn = 0.7 ߤߠ

CʾŏȒɔȀƚ ࡷ +Ǖȩȩɯƚ ÷ŏɟǃƚɾ �ȩƇƚȀ

sƆƙŏࡋ ÚȀŏżƚ ɟƚȒŏǞȘǞȘǃ ɾǕɟƚƚ ɔȩȀƚɯ ǀŏɯɾƚɟ ɾǕŏȘ ɾǕƚ ƇȩȒǞȘŏȘɾ ȒȩƇƚࡏ

�ŏɾʕɟŏȀ ǀɟƚɛʕƚȘżʿ ȩǀ ƇȩȒǞȘŏȘɾ ȒȩƇƚ Ǟɯ ωn = ࡏ0.7
+Ǖȩȩɯƚ ɟƚȒŏǞȘǞȘǃ ɔȩȀƚɯ ŏɔɔɟȩʾ 4× ǀŏɯɾƚɟࡏ ɟʕȀƚ࡫ ȩǀ ɾǕʕȒų࡬

4ƚɯǞɟƚƇ ɔȩȀƚɯ ŏɟƚ Șȩʶ

P = ωn

[
−ζ + i

√
1− ζ2 −ζ − i

√
1− ζ2 −4 −4 −4

]

= 0.7
[
−0.707 + i0.707 −0.707− i0.707 −4 −4 −4

]
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°ʲƚɟɯǕȩȩɾ ȩǀ 8% ëƚɾɾȀǞȘǃ ɾǞȒƚ 10 ɯƚż
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CʾŏȒɔȀƚ ࡷ ëȀȩʶƚɟ �ȩȘࡷƇȩȒǞȘŏȘɾ ÚȩȀƚɯ

ÚȀŏżƚ ȘȩȘࡷƇȩȒǞȘŏȘɾ ɔȩȀƚɯ ŏɾ −1
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�ȩȘࡷƇȩȒǞȘŏȘɾ ɔȩȀƚɯ ǞȘ˚ʕƚȘżƚ ųƚǕŏʲǞȩʕɟࡏ ëƚɾɾȀǞȘǃ ɾǞȒƚ ɯȀȩʶƚɟࡏ ߝߡ



CʾŏȒɔȀƚ ࡷ _ŏɯɾƚɟ �ȩȘࡷƇȩȒǞȘŏȘɾ ÚȩȀƚɯ

ÚȀŏżƚ ȘȩȘࡷƇȩȒǞȘŏȘɾ ɔȩȀƚɯ ŏɾ −10
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bŏǞȘ Ǟɯ ƚʾɾɟƚȒƚȀʿ ǕǞǃǕ ɾȩ Ȓȩʲƚ ȘȩȘࡷƇȩȒǞȘŏȘɾ ɔȩȀƚɯ ɾȩ ŏ ǕǞǃǕ ǀɟƚɛʕƚȘż ʿࡏ ߞߡ

�ȩƇƚȀ �ŏɾżǕǞȘǃ

sƆƙŏࡋ ëƚȀƚżɾ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ ɾǕŏɾ Ǟɯ ǺȘȩʶȘ ɾȩ ǃǞʲƚ ŏ ǃȩȩƇ ɟƚɯɔȩȘɯƚ

_ȩɟ ƚʾŏȒɔȀƚࡈ ɾǕƚ ɟƚʲƚɟɯƚ $ƚɯɯƚȀ ɔȩȀʿȘȩȒǞŏȀɯ ŏɟƚ ǃǞʲƚȘ ųʿࡇ

θn(s) =
n∑

k=0

aks
k

ʶǕƚɟƚ

ak =
(2n− k)!

2n−kk!(n− k)!
k = 0, 1, . . . , n

n = 1 θ1(s) = s+ 1

n = 2 θ2(s) = s2 + 3s+ 3

n = 3 θ3(s) = s3 + 6s2 + 15s+ 15

n = 4 θ4(s) = s4 + 10s3 + 45s2 + 105s+ 105

n = 5 θ5(s) = s5 + 15s4 + 105s3 + 420s2 + 945s+ 945

ߟߡ

áƚɯɔȩȘɯƚ ȩǀ $ƚɯɯƚȀ _ǞȀɾƚɟ

ëɾƚɔ ɟƚɯɔȩȘɯƚ ȩǀ ųƚɯɯƚȀ ˙Ȁɾƚɟɯ
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CʾŏȒɔȀƚ ࡷ $ƚɯɯƚȀ _ǞȀɾƚɟ

4ƚɯǞǃȘ ŏ ɯɾŏɾƚࡷǀƚƚƇųŏżǺ żȩȘɾɟȩȀ Ȁŏʶ ɯȩ ɾǕƚ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ Ǖŏɯ Șȩ Ȓȩɟƚ
ɾǕŏȘ ŏ 5% ȩʲƚɟɯǕȩȩɾ ŏȘƇ ŏ ɯƚɾɾȀǞȘǃ ɾǞȒƚ Ȁƚɯɯ ɾǕŏȘ 10 ɯƚżȩȘƇɯࡏ

A =





0 2 0 0 0

−0.1 −0.35 0.1 0.1 0.75

0 0 0 2 0

0.4 0.4 −0.4 −1.4 0

0 −0.03 0 0 −1




B =





0

0

0

0

1





_ǞǀɾǕࡷȩɟƇƚɟ ɟƚʲƚɟɯƚ $ƚɯɯƚȀ ǀʕȘżɾǞȩȘ Ǖŏɯ ɔȩȀƚɯ

P =
[
−0.5906 + 0.9072i −0.5906− 0.9072i −0.8516 + 0.4427i −0.8516− 0.4427i −0.9264

]

Ćɯƚ TH�+2 ɾȩ ɔȀŏżƚ ɾǕƚ ɔȩȀƚɯ ŏɾ P/Ts = P/10ࡇ

K =
[
0.1571 0.2234 −0.0434 0.0345 −0.1912

]

ߡߡ



CʾŏȒɔȀƚ ࡷ $ƚɯɯƚȀ _ǞȀɾƚɟ
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Cŏɯʿ ɾȩ ɾʕȘƚ ŏȘƇ ǃȩȩƇ ɟƚɯɔȩȘɯƚࡏ

ߢߡ

bȩȩƇ ÚȩȀƚ �ȩżŏɾǞȩȘɯ ࡷ ëʕȒȒŏɟʿ

÷Ǖƚɟƚ ŏɟƚ ȒŏȘʿ ʶŏʿɯ ɾȩ Ƈȩ ɾǕǞɯ ƇƚɔƚȘƇǞȘǃ ȩȘ ɾǕƚ ǃȩŏȀɯ ŏȘƇ ɾǕƚ ɯʿɯɾƚȒࡏ ƚࡏǃࡈࡏ

ࡏߝ ÚȀŏżƚ ƇȩȒǞȘŏȘɾ ɯƚżȩȘƇࡷȩɟƇƚɟ ɔȩȀƚɯ
ࡄ +Ǖȩȩɯƚ ȀȩżŏɾǞȩȘ ǀȩɟ ɾǕƚ ࢈ȒŏǞȘࢇ ųƚǕŏʲǞȩʕɟࡈ ŏȘƇ ƇŏȒɔ ɾǕƚ ɟƚɯɾ ȩǀ ɾǕƚ ȒȩƇƚɯ ɛʕǞżǺȀʿ

ࡏߞ �ȩƇƚȀ ȒŏɾżǕǞȘǃ
ࡄ +Ǖȩȩɯƚ ǀɟȩȒ ŏ ɔŏɟŏȒƚɾƚɟǞˌƚƇ ɔɟȩɾȩɾʿɔƚ ɟƚɯɔȩȘɯƚ

ࡏߟ °ɔɾǞȒŏȀ żȩȘɾɟȩȀ ࡷ �ǞȘƚŏɟ ßʕŏƇɟŏɾǞż áƚǃʕȀŏɾȩɟ
ࡄ 4ƚ˙Șƚ ŏ żȩɯɾࢇ ǀʕȘżɾǞȩȘ࢈ ŏȘƇ ɯƚȀƚżɾ ɔȩȀƚɯ ɾȩ ȒǞȘǞȒǞˌƚ Ǟɾ

ÚȩȀƚ ɯƚȀƚżɾǞȩȘ Ǟɯ ȩǀɾƚȘ ŏȘ ǝɺƙɛŏɺǝʮƙ ɫżǔƙȑƙ ųƚǀȩɟƚ ˙ȘƇǞȘǃ ɾǕƚ ųƚɯɾ ȀȩżŏɾǞȩȘࡏ

Ħƚ ʶǞȀȀ ɟƚɾʕɟȘ ɾȩ �ßá żȩȘɾɟȩȀ Ȁŏɾƚɟ ȩȘࡏ

ߣߡ


